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Turbulence: non resolved problem in 
classical mechanics  

Turbulent fluid is a fluid which (apparently) rebels against 
deterministic rules imposed by classical mechanics … 

An external source of energy produces in the fluid all types of 
eddies at all scales… 

[Leonardo da Vinci, 1452-1519] 



Turbulence is omnipresent 
-  Atmospheric flows 
-  Biological fluids  
-  Industrial flows  
-  Astrophysical flows 
-  … 



Why does turbulence develop ? 
“Navier-Stokes equation probably contains all of turbulence” 

(Uriel Frisch, 1995) 

Non-linear term >> term of 
dissipation ⇒ Turbulence 

non-linear term                     dissipation 

ν à kinematic viscosity 



Why does turbulence develop ? 
“Navier-Stokes equation probably contains all of turbulence” 

(Uriel Frisch, 1995) 

If the energy injection scale L > Ld  - scale of 
dissipation (~m.f.p.), turbulence develops ! 

Non-linear term >> term of dissipation ⇒ Turbulence 

non-linear term                     dissipation 

ν à kinematic viscosity 
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How does this happen?  
 

Since dissipation is efficient only at very small scales, there is an 
energy transfer to small scales:  

nonlinear energy cascade 



Universal properties of HD turbulence 

k~1/l  

po
w

er
 

dissipation 

forcing 
Inertial range    

1) velocity field energy~k-5/3 (scale 
invariance, same physics at all 

scales l) [Kolmogorov’41] 

2) intermittency : deviation from the 
Gaussianity at small l 

δv 

l 

~exponential 

Locally unpredictable, but statistical properties are 
predictable and universal 

Turbulence 

The Kolmogorov spectrum can be observed almost in all turbulent flows. 



Astrophysical plasmas are 
generally turbulent 

•  Super Novae Remnants 
•  Interstellar medium 
•  Stellar winds 
•  Planetary magnetospheres… 

Turbulence in the interstellar gas as revealed by 
electron density fluctuations [Armstrong et al. 
1995, Lazarian et al., 2012] 



Plasma Turbulence in the Heliosphere  
In situ measurements in the solar wind and planetary 

magnetospheres show omnipresence of plasma turbulence.  

[Alexandrova et al. 2008, Von Papen et al. 2014] 



Turbulence in space plasmas 
B0 plasma (MHD) 

1.  Presence of a mean magnetic field B0 leads to an anisotropy of turbulent 
fluctuations 

2.  Plasma waves: Alfven, magnetosonic, mirror, wistlers, kinetic Alfven waves 
(KAW), etc… (wave turbulence) 

3.  No collisions : m.f.p. ~ 1 AU 
4.  In plasmas there is a number of characteristic space and temporal scales 

hydrodynamics 



The solar wind 
one of the best and the closest laboratory for 

astrophysical plasma turbulence. 

Two components, Slow and Fast streams. 
Slow wind: V = 300-400 km/s, n=7 cm-3, Tp=2.105K 
Fast wind: V = 600-800 km/s, n=3 cm-3, Tp=5.105K 

 

Cluster 



The solar wind 

Turbulence dissipation may explain the solar wind heating [e.g. Vasquez 
et al. 2007; Sorriso-Valvo et al. 2007; Macbride et al. 2008; Smith et al. 
2009; Cranmer et al. 2009; Marino et al. 2012; Wu et al. 2013, …]  
 

[Image credit: Lorenzo Matteini] 

Wind temperature decays 
less than adiabatic (~R-4/3) 



Solar wind Turbulence and Alfven waves  
[Gosling et al., 2009; Balcher & Davis 1977]  

§  Strong correation between V and B fluctuations at 1 AU (Alfven waves) 
§  These waves belongs to f-1 spectral range.  
§  Kolmogorov turbulence at smaller scales (MHD) is observed.  

[Bruno & Carbone, 2013] 



Starting point of the Kolmogorov spectrum 

§  Spectral break between f-1 and f-5/3 can be explained by a balance between the 
solar wind expansion time τexp=R/Vsw at a radial distance R and the eddy-turnover 
time τNL [Mangeney et al. 1991; Meyer-Vernet 2007] 

[Bruno & 
Carbone, 2013] 

•  The eddy-turnover time: 

•  The solar wind expansion time: 

⌧
exp

= R/V
sw

⌧NL = `/�V`

•  Transition between f-1 and f-5/3 spectrum corresponds to a scale where  
these 2 characteristic times are of the same order [Mangeney et al. 
1991; Meyer-Vernet 2007]:  ⌧

exp

' ⌧
NL
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Solar wind Turbulence and Alfven waves  

Why?  
 - Local dynamo process (Grappin et al., 1983) ?  
 - Solar wind expansion ?  
 - Compressibility ?  

[Podesta et al., 2007; Salem 2000] 

In a case of a pure alfvenic turbulence magnetic and velocity spectra 
should be the same, but in the solar wind it is not the case:  



Solar wind turbulence is compressible 
O. Alexandrova et al.

Fig. 3 Spectrum of electron
density fluctuations ne measured
by the ISEE 1–2 spacecraft: two
distinct power-laws are observed,
the spectrum follows
∼ f −1.67±0.05 within the
frequency range
[10−3,6 · 10−2] Hz, the
spectrum is about f −0.9±0.2 at
f > 6 · 10−2 Hz. Around 1–2 Hz
the spectrum seems to change
again, however, this high
frequency range is too narrow to
make any firm conclusion (the
maximal measured frequency is
5 Hz). Figure from Celnikier
et al. (1983)

2.2 Intermittency

In hydrodynamics, the amplitude of the fluctuations at a given scale—and hence the lo-
cal energy transfer rate—is variable, a property known as intermittency, i.e. turbulence and
its dissipation are non-uniform in space (Frisch 1995). This results in the turbulence be-
ing bursty, which can be easily seen from the test of regularity of turbulent fluctuations
(Mangeney 2012). Usually, turbulent fluctuations at different time scales τ are approxi-
mated by increments calculated at these scales, δyτ = y(t + τ ) − y(t). The time aver-
ages of these increments are called “structure functions” (for more details see the paper
by Dudok de Wit et al. 2013 in this book). In the presence of intermittency, the scaling
of higher order moments of the structure functions diverges from the simple linear be-
havior expected for non-intermittent, Gaussian fluctuations: in essence, at smaller scales,
there are progressively more large jumps, as the turbulence generates small scale structures.
This behavior is also observed in the solar wind on MHD scales (Burlaga 1991; Tu and
Marsch 1995; Carbone et al. 1995; Sorriso-Valvo et al. 1999; Veltri and Mangeney 1999;
Veltri 1999; Salem 2000; Mangeney et al. 2001; Bruno et al. 2001; Sorriso-Valvo et al. 2001;
Hnat et al. 2003; Veltri et al. 2005; Bruno and Carbone 2005; Leubner and Voros 2005;
Jankovicova et al. 2008; Greco et al. 2009, 2010; Sorriso-Valvo et al. 2010). Figure 4 shows
probability distribution functions (PDF) of the tangential component of the standardized
magnetic field fluctuations #By = δBy/σ (δBy), σ being the standard deviation of δBy (in
RTN coordinates6) computed for three different time scales τ . Intermittency results in the
change of shape, from the large scale Gaussian to the small scale Kappa functions.

Intermittency is a crucial ingredient of turbulence. Being related to the full statistical
properties of the fields, its characterization can give an important insight on the nature of
turbulence and on possible dissipation mechanisms of turbulent energy.

Note, as well, that as far as the third-order moment of fluctuations is related to the energy
dissipation rate and is different from zero (see the K4/5 law, Eq. (1)), turbulence must shows
some non-Gaussian features.

Solar wind observations have shown that the intermittency of different fields can be re-
markably different. In particular, it has been observed in several instances that the magnetic

6R is the radial direction, N is the normal to the ecliptic plane and T completes the direct frame.

Spectrum of electron density 
fluctuations in the solar wind 
as measured by ISEE 1 & 2. 
See as well Chen et al. 2013.  

Can the compressibility be the source of the non-alfvenisity of 
the inertial range in the solar wind turbulence?  

[Celnikier et al. 1983, A&A]  



Solar wind turbulent spectrum of magnetic 
fluctuations at MHD-Ion-Electron scales 

[Alexandrova, Chen, Sorriso-
Valvo, Bale, Horbury,  

2013 Space Science Rev.] 

Solar Wind Turbulence and the Role of Ion Instabilities

Fig. 9 7 solar wind spectra,
analyzed in Alexandrova et al.
(2009, 2010) under different
plasma conditions as a function
of the wave-vector k⊥
perpendicular to the magnetic
field. The spectra are superposed
with a normalization factor E0 at
scales smaller than all ion scales:
one observes divergence of the
spectra in the transition range
around the ion scales kρi and kλi

As we have discussed above, the transition to kinetic Alfvén turbulence happens at the
ion gyroradius ρi scale (Schekochihin et al. 2009; Boldyrev et al. 2012), while the dispersive
Hall effect becomes important at the ion inertial length λi . Results of Leamon et al. (2000)
and Bourouaine et al. (2012) indicate, therefore, that the Hall effect may be responsible for
the ion spectral break. Note that Bourouaine et al. (2012) analyzed Helios data only within
fast solar wind streams with βi < 1, i.e. when λi > ρi .11 It is quite natural that the largest
characteristic scale (or the smallest characteristic wave number) affects the spectrum first
(Spangler and Gwinn 1990). It will be interesting to verify these results for slow solar wind
streams and high βi regimes.

Just above the break frequency, f > fb , the spectra are quite variable. Smith et al. (2006)
show that within a narrow frequency range [0.4–0.8] Hz, the spectral index α varies between
−4 and −2. This result was obtained using ACE/FGM measurements. However, one should
be very careful while analyzing FGM data at frequencies higher than the ion break (i.e.
at f > 0.3 Hz), where the digitalization noise becomes important (Lepping et al. 1995;
Smith et al. 1998; Balogh et al. 2001). For example, in Fig. 7 the Cluster/FGM spectrum
deviates from the STAFF spectrum at f ≥ 0.7 Hz.12

Figure 9 shows several combined spectra, with Cluster/FGM data at low frequencies
and Cluster/STAFF data at f > fb . The spectra are shown as a function of the wave-vector
k⊥13. The spectra are superposed at k⊥ > kρi

, kλi
, i.e. at scales smaller than all ion scales:

while at these small scales all spectra follow the same law, around ion scales kρi
and kλi

(named here a transition range) one observes a divergence of the spectra. The origin of this
divergence is not completely clear. It is possible that ion damping (e.g. Denskat et al. 1983;
Sahraoui et al. 2010), a competition between the convective and Hall terms (Kiyani et al.

11Ion plasma beta can be expressed in terms of ion scales: βi = 2µ0nkBTi/B
2 = ρ2

i /λ2
i .

12The digitalization noise at Cluster/FGM and at ACE/FGM is nearly the same, see Smith et al. (1998),
Balogh et al. (2001).
13Cluster stays in the free solar wind not connected to the Earth’s bow-shock, while the flow-to-field angle,
θBV , is quasi-perpendicular. Therefore, only k⊥ wave vectors are well resolved.

MHD 
Ion 

scales 

Electron 
scales 

1.  What is going on close to ion and electron scales? 
2.  Which plasma scale is responsible for the ion break? 
3.  Which plasma scale plays the role of the dissipation scale?  
4.  Physical mechanisms?  
5.  Nature of turbulent fluctuations : waves or strong turbulence? 
6.  … 



Turbulence at kinetic scales 
 

1. Ion scales 



Which ion scale is responsible for the break? 

fci = ⌦ci/2⇡ ; ⌦ci = eB/mic

[Alexandrova et al., 2013] 
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c

!pi
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VA
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§  All characteristic time and spatial ion scales are observed close to the 
spectral break point…  
§  How can we distinguish between different scales? 
§  Important in order to understand which physical mechanisms “break the 
spectrum” (e.g., if it is fci => damping of Alfven waves).  
§  Plasma beta dependent [Chen et al. 2014] 

In frequency spectrum, these scales  
appear at Doppler shifted frequencies: 
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Solar Wind Turbulence and the Role of Ion Instabilities

Fig. 9 7 solar wind spectra,
analyzed in Alexandrova et al.
(2009, 2010) under different
plasma conditions as a function
of the wave-vector k⊥
perpendicular to the magnetic
field. The spectra are superposed
with a normalization factor E0 at
scales smaller than all ion scales:
one observes divergence of the
spectra in the transition range
around the ion scales kρi and kλi

As we have discussed above, the transition to kinetic Alfvén turbulence happens at the
ion gyroradius ρi scale (Schekochihin et al. 2009; Boldyrev et al. 2012), while the dispersive
Hall effect becomes important at the ion inertial length λi . Results of Leamon et al. (2000)
and Bourouaine et al. (2012) indicate, therefore, that the Hall effect may be responsible for
the ion spectral break. Note that Bourouaine et al. (2012) analyzed Helios data only within
fast solar wind streams with βi < 1, i.e. when λi > ρi .11 It is quite natural that the largest
characteristic scale (or the smallest characteristic wave number) affects the spectrum first
(Spangler and Gwinn 1990). It will be interesting to verify these results for slow solar wind
streams and high βi regimes.

Just above the break frequency, f > fb , the spectra are quite variable. Smith et al. (2006)
show that within a narrow frequency range [0.4–0.8] Hz, the spectral index α varies between
−4 and −2. This result was obtained using ACE/FGM measurements. However, one should
be very careful while analyzing FGM data at frequencies higher than the ion break (i.e.
at f > 0.3 Hz), where the digitalization noise becomes important (Lepping et al. 1995;
Smith et al. 1998; Balogh et al. 2001). For example, in Fig. 7 the Cluster/FGM spectrum
deviates from the STAFF spectrum at f ≥ 0.7 Hz.12

Figure 9 shows several combined spectra, with Cluster/FGM data at low frequencies
and Cluster/STAFF data at f > fb . The spectra are shown as a function of the wave-vector
k⊥13. The spectra are superposed at k⊥ > kρi

, kλi
, i.e. at scales smaller than all ion scales:

while at these small scales all spectra follow the same law, around ion scales kρi
and kλi

(named here a transition range) one observes a divergence of the spectra. The origin of this
divergence is not completely clear. It is possible that ion damping (e.g. Denskat et al. 1983;
Sahraoui et al. 2010), a competition between the convective and Hall terms (Kiyani et al.

11Ion plasma beta can be expressed in terms of ion scales: βi = 2µ0nkBTi/B
2 = ρ2

i /λ2
i .

12The digitalization noise at Cluster/FGM and at ACE/FGM is nearly the same, see Smith et al. (1998),
Balogh et al. (2001).
13Cluster stays in the free solar wind not connected to the Earth’s bow-shock, while the flow-to-field angle,
θBV , is quasi-perpendicular. Therefore, only k⊥ wave vectors are well resolved.



Ion scales: superposition of different phenomena 

[Lion et al, 2015, to be submitted] 

Monochromatic 
Alfven waves at 

freq~fci 

Localized spatial 
structures at scale ~ 
ion Larmor Radius 
102 O. Alexandrova: Solar wind vs magnetosheath turbulence

Fig. 2. The surface of the current J above the vortex plane (x, ⇧)

and the contours of the potential A (that coincide here with the field

lines) in this plane for the monopolar structure with the radius of

localization a=1 and angle �=0.

where � and u can be zero only simultaneously. Its current

density J is a linear function of A��x inside a circle of ra-

dius a and vanishes outside
�

J = �k2(A � �x � c), r < a

J = 0, r ⌃ a
(21)

where k and c are constants. This solution is
⇥
⌅

⇤
A = A0(J0(kr) � J0(ka)) � 2�x

kr

J1(kr)

J0(ka)
+ �x, r < a

A = a2 �x
r2

, r ⌃ a.
(22)

Here A0 is a constant amplitude, J0 and J1 are the Bessel

functions of 0th and 1st order respectively, r=
⌥

x2+⇧2 is

the radial variable in the plane of the vortex.

The continuity of the solution (22) in r=a requires that

the parameter k and the radius a be coupled by the following

dispersion relation

J1(ka) = 0. (23)

This relation ensures the continuity of the magnetic field

B✏=(Bx, B⇧)=(⌘⇧A, �⌘xA) in r=a as well as a vanishing

divergence of B✏ everywhere.
Going back to the 3-D problem we must respect the fol-

lowing conditions: since ⌘z�✏ has to be satisfied, the an-
gle must be small, �⌥⌘z/✏⌥�. Similarly, the velocity u

must be also small in order to satisfy the condition ⌘t�◆ci ,

i.e. u⌥⌘t /◆ci⌥�. In principle, ⌥ is arbitrary, but of the order

of 1.

The Alfvén vortex solution (22) is the analogue of the in-

compressible unmagnetized hydrodynamic vortex solution,

and as in hydrodynamics, we distinguish here to types of vor-

tices: monopole and dipole.

The monopolar vortex solution correspond to the case with

�=0 (u=0), i.e., when the projection of the mean field to

Fig. 3. The same as Fig. 2 but for the bipolar vortex structure with

a=1, �=5⇤, here the current and field lines are symmetric with
respect to the line x=0 as far as the amplitude of the monopolar
part of the vortex is chosen to be A0=0.

the vortex plane is zero. This vortex is at rest in the plasma

frame. It corresponds to a field-aligned force-free current

localized within a circle of the radius a
�

A = A0(J0(kr) � J0(ka)), r < a

A = 0, r ⌃ a.
(24)

The monopole has the current J and the field lines as is

shown in Fig. 2. The contours of its magnetic field com-

ponents are shown in Fig. 4 (upper panels).

As soon as � �=0 (u�=0), the general solution (22) describes
the dipolar vortex. It is not stationary in the plasma as

the monopole, but propagates with velocity u along the ⇧-

direction, the direction of the mean field projection on the

vortex plane. The current of the dipolar vortex and its field

lines are presented in Fig. 3. Here the amplitude of monopo-

lar part A0 is chosen to be zero, otherwise A, J and the mag-

netic field lines are no more symmetric with respect to the

vortex center. The contours of its magnetic field components

are shown in Fig. 4 (lower panels).

Thus monopolar and dipolar vortices are topologically dif-

ferent and there is no continuous transition between them.

These differences reflect themselves in the Fourier spectra of

these two vortex types.

3.2 Power spectra of monopole and dipole

Suppose now that a magnetic probe moves in space, along

the x-axis with a constant velocity and a distance of closest

approach to the vortex axis ⇧. Figure 5 (upper panels) shows

the “measured” Bx-profiles of monopole and dipole vortex

structures, for ⇧=�0.2a. The lower panels of Fig. 5 show
the power spectral densities (PSD) of these signals calculated

via Fourier (solid lines) and via the Morlet Wavelet Trans-

forms (empty circles). The power spectra of both, monopole

and dipole, have a knee around the wave vector k = 1,

Nonlin. Processes Geophys., 15, 95–108, 2008 www.nonlin-processes-geophys.net/15/95/2008/



Turbulence at kinetic scales 
 

2. Electron scales 

Cluster mission : the most sensitive 
instrumentation (magnetic spectrum 
up to 400 Hz). 



Turbulent spectrum at electron scales: 
dissipation range?! 

- In HD turbulence, dissipation range can be described by [Chen et al., 1993, PRL] : 

[Alexandrova et al., 2012, APJ] 

E(k) = Ak��
exp(�k/kd)

Dissipation 
range ~ exp 

HD 

- In solar wind turbulence, we find a similar law : 

E(k) = Ak�8/3
exp(�k�e)



General spectrum at electron scales 
[Alexandrova et al., 2012, APJ] 

Nature of turbulent fluctuations : waves or strong turbulence ? 

E(k) = Ak�8/3
exp(�k�e)



Turbulence nature: weak (or wave) vs strong  

Courtesy of Lorenzo Matteini: 2D Hybrid numerical simulations showing 
developpment of strong turbulence (vortices) with superposed waves.   

Weak wave turbulence 

!  Statistical theory of weakly nonlinear dispersive waves 

!  Exact solutions can be found via the Zakharov transform 
 

Weak turbulence: 
mixture of waves with 

+/-random phases 

Strong turbulence: mixture 
of NL structures (vortices, 

current sheets, ect…) 

C
ou

rte
sy

 S
. 

G
al

tie
r 



§  Plasma turbulence is an important ingradient in many astrophysical systems. 
§  Stellar wind/planet interaction: boundary lays are turbulent => impact on the energy 
and plasma transport, acceleration of energetic particles, ect… 

§  Solar wind is one of the best laboratories of space plasma turbulence. 
§  We resolve turbulent fluctuations from MHD (107 km) to sub-electron scales (300 m). 

Discussion and Conclusion 

§  Nature of Kolmogorov like 
turbulence ? Role of compressibility ?  
§  Physical processes at ion scales ? 
§  Final dissipation at electron scales ?  
§  Plasma heating and particle 
acceleration by turbulence ? 
§  Dissipation without collisions ? 
§  …  

Open questions 



Bonus 



How do we measure turbulent spectra? 
Satellites in-situ measurements are time series =>  

Fourier (or Wavelet) transform => frequency spectra 
Methods for Characterising Microphysical Processes in Plasmas

Fig. 1 Example of solar wind observations by CLUSTER. This time interval was used to study turbulence by
Bale et al. (2005). The plots show: (a) Bx(t); (b) Fourier and Morlet wavelet spectra of Bx(t), f −5/3 is in-
dicated by a dashed line, frequency range ∆f where the fitting was done is delimitated by two vertical dotted
lines; (c) Compensated wavelet spectrum by f 5/3–function (solid line) and by f 3/2–function (dashed-dotted
line); (d) Compensated Fourier spectrum by f 5/3–function

[Dudok de Wit et al. 2013, SSR] 

How do we get k-
spectra?  

 
Taylor hypothesis:  

` = Vsw⌧ = Vsw/f

k = 2⇡/` = 2⇡f/Vsw

- example of Cluster/FGM 
(5 vectors/sec measuremets)  


