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3D SIMULATIONS OF INTERNAL GRAVITY WAVES IN SOLAR-LIKE STARS
L. Alvan 1 , A.-S. Brun1 and S. Mathis1
Abstract. We perform numerical simulations of the whole Sun using the 3D anelastic ASH code. In such
models, the radiative and convective zones are non-linearly coupled and in the radiative interior a wave-like
pattern is observed. For the first time, we are thus able to modelize in 3D the excitation and propagation of
IGWs in a solar-like star’s radiative zone. We compare the properties of our waves to theoretical predictions
and results of oscillation calculations. The good agreement obtained allow us to validate the consistency of
our approach and to study the characteristics of IGWs. In the 3D domain, we focus on the excitation of
IGWs and on the form of their spectrum where we suspect that both g-modes and propagative waves are
present.
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Introduction

Internal gravity waves (IGWs) can propagate deeply in radiation zones. For this reason, they are essential to
probe stellar interiors (Garcia et al. 2007) and to understand angular momentum transport in stars (Charbonnel
& Talon 2005; Mathis et al. 2013). The work presented here follows Alvan et al. (2012) and Mathis et al. (2013).
We present results of numerical simulations of a solar-like star where convective and radiative zones are coupled,
resulting in the excitation of internal gravity waves. We first present two new developments of the Anelastic
Spherical Harmonic (ASH) code and then focus on recent results concerning gravity waves.
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Recent improvements in the ASH code

In order to study the generation of internal gravity waves by convective motions in solar-like stars, we use
the anelastic spherical harmonic (ASH) code (Brun et al. 2004). Our model nonlinearly couples a convective
envelope to a stable radiative interior (Brun et al. 2011), assuming a realistic solar stratification from r = 0 up
to 0.97R (Brun et al. 2002), by solving the full set of anelastic equations in a rotating spherical shell.
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We note ρ̄, P̄ , T̄ and S̄ the reference density, pressure, temperature and specific entropy. Fluctuations about
this reference state are denoted by ρ, P , T and S. v = (vr , vθ , vϕ ) is the local velocity in spherical coordinates
~ 0 , ~g is the gravitational acceleration, cp is the specific heat
in the frame rotating at constant angular velocity Ω
per unit mass at constant pressure, κr is the radiative diffusivity, D is the viscous stress tensor and ν, κ and κ0
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are the effective eddy diffusivities. A volume heating term ρ̄ is also included in these equations, representing
the energy generation by nuclear burning.
Two recent improvements in the code have been taken into account in this work. The first one concerns
the anelastic treatment. Brown et al. (2012) have performed a detailed study showing that the anelastic
equations written above do not conserve energy and instead conserve a stratification weighted pseudo-energy.
As a consequence, these equations obtain incorrect frequencies and radial eigenfunctions for gravity waves. To
correct this bias in ASH, we have rewritten the set of equations to implement the Lantz-Braginsky-Roberts
equations (e.g., Lantz 1992; Braginsky & Roberts 1995; Lantz & Fan 1999; Jones et al. 2009). This is done by
introducing a reduced pressure ω̄ = P/ρ̄ instead of the fluctuating pressure P and by converting the buoyancy
term to a codensity where only entropy fluctuations S contribute to buoyancy. The resulting momentum
equation is
∂~v  ~ 
~ − S ~g − 2ρ̄Ω
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~ D
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∂t
cp
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The effect of this correction is visible when we calculate precisely the frequencies of IGWs as presented in
the following part. The second change in the code allows us to treat the singularity at the center of the star.
Following Bayliss et al. (2007), we have implemented regularity conditions at r = 0. Only l = 1 modes can go
through the center. The detail of this work will be presented in Alvan et. al (2013) (in prep).
3

Internal gravity waves : excitation

These numerical improvements allow us to study with improved accuracy the spectrum of internal gravity waves
excited by the turbulent convection. In fig. 1, we represent the radial velocity vr /vrms where vrms is the root
mean square radial velocity at each radius. It shows two consecutive zoom starting from an equatorial slice
(θ = 90o , all ϕ).

α

Fig. 1. Gravity waves pattern observed in the radiative (inner) zone and zoom at the base of a downflow (blue) to
highlight the St. Andrew’s cross. Waves excited by this process have a very low frequency (about 0.01mHz).

In the outer convective zone, we clearly see downward (blue) and upward (red) flows. We observe wavefronts
(almost circular spiral) propagating in the radiative zone. To understand the way IGWs are excited we zoom
at the base of a downflow. The second zoom shows a classical result of fluid mechanics concerning excitation
of IGWs by a localized disturbance in a stably stratified fluid. Waves excited by the pummeling of downward
convective flows propagate inside beams, which develop around a St. Andrew’s cross in the plane orthogonal to
the main direction of the plume. The cross forms an angle α to the vertical given by
α = arccos

ω
,
N

(3.1)
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where ω is the frequency of the wave and N the Brunt-Vaisala frequency. In the last zoom, we have distorded
the radius in order to highlight the cross. The real value of α is close to 90o that corresponds to very low
frequency waves (about 0.01mHz) and explain the almost circular wavefronts.
4

Internal gravity waves : spectrum

Starting from a temporal sequence of the radial velocity field Vr (r0 , θ, ϕ, t) at a given depth r0 , we switch from
the real space to the spectral space by successively applying a spherical harmonic transform at each time step,
which gives Vˆr (r0 , l, m, t), and a temporal Fourier transform on the whole temporal sequence. In Fig. 2, we
represent the quantity
X
E(r0 , l, ω) =
|V˜r (r0 , l, m, ω)|2
(4.1)
m

as a function of frequency ω and order l for three given depths. The spectrum obtained is extremely rich and
close to the one predicted by the linear theory.

Fig. 2. Spectrum of gravity waves calculated at three different depths in the radiative zone. Black crosses in the panel
at r=0.22 R represent the frequencies obtained by the ADIPLS oscillation code.
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In the bigger panel of Fig. 2, we have superimposed the frequencies obtained by the ADIPLS code∗ to
show the good agreement obtained (black crosses). At high frequencies, ridges are formed by modes with the
same radial order n (number of zeros in the radial direction in the eigenfunctions). They tend to an asymptote
corresponding to the maximum value of the Brunt-Vaisala frequency N . We note that the spectrum’s global
aspect is different depending on the depth. We do not show the convective zone since no modes are visible.
Indeed, IGWs are evanescent in regions where the entropy gradient is negative. At 0.65R , where R is the
solar radius, only the low frequency part of the spectrum is observed and a big bump of energy is visible (in
red) at very low frequency. We suspect it to correspond to very low frequency waves excited by plumes as
explained in the previous section. In the second panel corresponding to 0.37R , the spectrum is more complete
but we see a region looking different of the rest at low frequency. The energy in this region does not form peaks
regularly spaced in period, such as g-modes should do. Consequently, we interpret this region as propagating
gravity waves that do not form g-modes. The fact that this zone reduces and disappears when we move down
into depth reinforces this hypothesis since it corresponds to the action of the radiative damping on these waves.
5

Conclusions

We have shown that a detailed analysis of IGWs in 3D non-linear dynamical simulations is possible. For the
first time, we are able to model the behaviour of both propagative and standing waves in a realistic 3D cavity.
The results presented here do not take into account the rotation of the model since we have added up all the
asimuthal number m. But the contribution of 3D simulations is also important for studying the effect of the
rotation on gravity waves and for measuring rotational splitting. Moreover, excitation rates could be applied
as an input for dynamical stellar evolution codes such as STAREVOL.
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